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Abstract 

We investigate crossed products of Cuntz algebras by quasi-free actions of abelian groups. We prove 
that our algebras are AF-embeddable when actions satisfy a certain condition. We also give a necessary and 
sufficient condition that our algebras become simple and purely infinite, and consequently our algebras are 
either purely infinite or AF-embeddable when they are simple. 



1 Introduction 



There had been no examples of simple C*-algebras which have both a finite projection and an infinite 
one until M. R0rdam found such a C*-algebra recently [Q. However, we have found no examples of such 
simple C*-algebras among nuclear ones, so far. Moreover we have not known examples of simple nuclear 
C*-algebras which are not stably finite nor purely infinite. The property 'stable finiteness' has recently 
attracted much attention in connection with quasidiagonality and AF-embeddability. It is easy to see that 
AF-embeddability implies quasidiagonality and that quasidiagonality implies stable finiteness. It is still 
open whether or not stable finiteness implies AF-embeddability for nuclear C*-algebras. On this topic, 
there is a nice survey [63: written by N. P. Brown. Since M. Pimsner and D. Voiculescu showed that 



the irrational rotation algebras are AF-embeddable |PV], several authors have studied AF-embeddability 
of some classes of C*-algebras. In particular, we can fi nd m a ny p ap ers dealing with AF-embeddability 
of crossed product s of finite C*-algebras, for example, |Pu|, |Pil| , [|Pi2|] for those of commutative C*- 
algebras, and 0, |Bl| , | B2 | for those of AF-algebras. On the other hand, the author has been unable to 
find any article related to AF-embeddability of crossed products of infinite C*-algebras. We remark that 
it seems more difficult to show AF-embeddability of crossed products of infinite C*-algebras by continuous 
groups than those of finite C*-algebras. For crossed products of finite C*-algebras, there is a method to 
derive AF-embeddability of crossed products by continuous groups from the discrete group case by using 
Green's imprimitivity theorem ([^], see also |B2|). However, for infinite C*-algebras, we cannot use this 
method because their crossed products by discrete groups are never embedded into AF-algebras. 

In this paper, we will deal with crossed products of Cuntz algebras by quasi-free actions of abelian 
groups, whose ideal structures were examined in our previous paper |Ka . We will prove the AF- 
embeddability of our algebras under a certain condition for actions. To the author's knowledge, this 
is the first case to have succeeded in embedding crossed products of purely infinite C*-algebras into 
AF-algebras except trivial cases. We will also show that our algebras are either purely infinite or AF- 
embeddable when they are simple. 

This paper is organized as follows. After some preliminaries, we will show that the crossed products 
are AF-embeddable when actions satisfy a certain condition (Theorem 3.8). They were known to be 
stably finite in the case that the group is the real number group M [KKl]. In the case that the group is 
compact, this condition is also sufficient for the crossed products to be AF-embeddable, and moreover 
the crossed products become AF-algebras under this condition. For the general setting, we do not know 
whet her our algebra is AF-embeddable or not when the action does not satisfy the condition (see Remark 
3.10 ). In section |[ we will give a necessary and sufficient condition that our algebras become simple 
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and purely infinite. Combining this characterization with our result on AF-embeddability, we can easily 
get the dichotomy which says that our algebras are either purely infinite or AF-embeddable when they 
are simple. In the last section, we will deal with crossed products of the Cuntz algebra Ooo, which is 
generated by infinitely many isometries, by the same type of actions of abelian groups. We will prove AF- 
embeddability of such algebras under a certain condition for actions, and give a necessary and sufficient 
condition for such algebras to be simple and purely infinite which will be shown to be equivalent to the 
property that they are simple. 
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2 Preliminaries 

In this section, we review some results and fix the notation. For n = 2, 3, ... , the Cuntz algebra On 
is the universal C*-algebra generated by n isometries 5*1, S'2,... ,Sn, satisfying J2^=i^i^i — 1- For 
fc e N {0, 1, . . . }, we define the set wll'^ of fc-tuples by = {0} and 

W,!'') - {(^l,^2,... ,ik) I e {1,2,... ,n}}. 

We set Wn = Ufc^o W"*^^- For /i = (ii, 12, ... , ifc) £ VV„, we denote its length k by |^|, and set S*^; = 
S^,Si^---S.i^ e On- Note that |0| =0, Sm = 1. For = (ii,i2,--- ,«fc),J^ = (ji,j2,--- ,ji) & >V„, we 
define their product fiv G Wn by fiv = {11,12, ■ ■■ , ikjij2, ■ ■ ■ 

We fix a locally compact abelian group G whose dual group is denoted by F which is also a locally 
compact abelian group. We always use + for multiplicative operations of abelian groups except for T, 
which is the group of the unit circle in the complex plane C. The pairing of t E G and 7 G F is denoted 
by {t\j)eT. 

Definition 2.1 Let uj = {lui,uj2, ■ ■ ■ ,^n) G T" be given. We define the action a'^ : G On by 

a'^iS^) ^ {t\Lj,)S, {1^1,2,... ,n, teG). 

This type of action is called quasi- free (see |^ for quasi- free actions on the Cuntz algebras). Since 
the abelian group G is amenable, the reduced crossed product of the action a'^ : G r\ On coincides 
with the full crossed product of it. We will denote it by OnXia^G and call it the crossed product. The 
crossed product OnXa^^G has a C*-subalgebra CIXq^G, which is isomorphic to Co(F). Throughout this 
paper, we always consider Co{T) as a C*-subalgebra of OnXa'^G, and use f,g,... for denoting elements of 
Co(r) C OnXcc^G. The Cuntz algebra On is naturally embedded into the multiplier algebra M(C'„ x^j^G) 
of On Xqi^G. For each 11 = (ii, 12, . . . , ik) in Wn, we define an element of F by = ■ For 

7o G F, we define a (reverse) shift automorphism : Go(F) —^ Go(F) by {(J-yoDil) = f{l + 7o) for 
/ G Go(F). Once noting that a^{S^) ~ {t\Ljfj, )S'p for ^ G Wn, one can easily verify that /S'^ — S^a^^f 
for any / G Go(F) C C'„21a-G and any ^ G W„. The finear span of {S^fS'l \ ^.,v e Wn, f G Go(F)} is 



dense in OnXa^^G (see [Ka|). We denote by M/j the G*-algebra of fc x fc matrices for fc = 1, 2, . . . , and 



by K the G*-algebra of compact operators of the infinite dimensional separable Hilbert space. 



3 AF-embeddability of On>^a'^G 

A. Kishimoto and A. Kumjian showed that OnXai^R is stably projectionless if all the Wi's have the same 



sign by using the KMS-state [ KKl , Theorem 4.1]. Thus OnXa^^M is stably finite in this case. In this 
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section, we will show that On ^ia^G becomes AF-embeddable if lu satisfies a certain condition. This gives 
another proof of the stable finiteness of 0„Xq,.^]R when all the oji's have the same sign. More precisely, 
we will prove that if —uji ^ {w^ | /x £ W„} for any i G {1,2,... ,n}, then On>^a'^G is AF-embeddable 
(Theorem 3.8). Here we note that {w^ | fi e W„} is the closed semigroup generated by uji,uj2, ■ ■ ■ ,uJn- 



Let us take a faithful representation On ^ B{H) for some Hilbert space H. There exists a canonical 
embedding On'>^a"'G ^ B{H®L'^{G)). Since L'^{G) is isomorphic to i^(r) via the Fourier transform, we 
can consider OnXa^^G as a subalgebra of B{H ^ L'^{r)). In this setting, an element of Co(r) C On^a^G 
acts by multiplication on L^{T) and as identity on H. Note that the weak closure of Go{T) in B{H®L?'{T)) 
is L°°{T). 

Throughout this section, we fix w e F" satisfying —Ui ^ {w^^ | /x G >V„} for any i. We also fix an 
open base {Ui\i^i of F such that for any i & \Ui is compact and for any i e I and /i e yV„, there exists 
J £ I with [/j = Ui — ujfi. Obviously such an open base exists, and we can take countable one when F 
satisfies the second countability axiom. For each i G I, let us consider the characteristic function xUi of 
Ui which is an element of L°°(F) C B{H ® L^(F)). Let £)o(F) be the C*-algebra generated by {xUi}i&- 
Let us denote by A the directed set of all finite subsets of I whose order is defined by the inclusion. 
For A = {«i,i2, ■ • ■ ,ik} € A, the C*-subalgebra D\ of £'o(r) is defined by the C*-algebra generated by 
Xc/,! ; XUi^ , XUi^ ■ One can easily verify the following. 

Lemma 3.1 (i) Co(F) C -Do(r). 

(ii) We can define the shift *-homomorphism a^^ : Do{T) -Do(F) for any /i G yV„. 

(iii) ljinDx = Dn{T). 

(iv) -Do(r) is an AF-algebra. 

Define a subspace A of B{H i^(F)) by 

A = span{5;./5: | e W„, / £ I?o(F)}. 



By Lemma 3.1 (ii), A is a C*-algebra and by Lemma 3.1 (i), A contains On>^a^G. We will show that 
A is an AF-algebra when —tUi ^ {w^ | /i G yV„} for any i e {1, 2, . . . , n}, which implies that 0„xIq^G is 
AF-embeddable. We denote by Ax the C*-algebra generated by {Sf^xUi^t I A^i ^ ^ « G A}. It is easy 
to see the following. 

Lemma 3.2 With the above notation, we have A = limA\. 



By Lemma 3.2, to prove that A is an AF-algebra, it suffices to show that Ax is an AF-algebra for 



any A 6 A. Let us take A £ A arbitrarily, and fix it. Let pi,p2, ■ ■ ■ ,Pl be minimal projections of Dx 
and p — J2f=iPi be its unit. Note that Ax is generated by {Sfj,piS* | /i, £ yV„, I = 1,2,... ,L}. 
Only in the next lemma, we use directly the assumption that u; satisfies —tOi ^ {o;^ | fi G Wn} for any 
i G {1,2, . . . ,n}, and this lemma implies all the following lemmas and the fact that Ax is an AF-algebra. 

Lemma 3.3 There exists K (z N such that pS^^p — for any ii e W„ with > K . 

Proof. If we define a subset U ~ UiGA then p is the characteristic function of U. The closure of U 

is compact since Ui is compact for any i G X. To derive a contradiction, assume that for any fc £ N, there 
exists /ifc £ Wn such that \^ik\ > k and pS^^p ^ 0. Then we have S*^pSfj_^p ^ 0. Since S*^pSfi^. is the 
characteristic function of ?7 — , there exists 7^ £ (L/ — tii^^JnC/. We have w^^^ = (7fe+i^^fc)— 7fc eU~U 
for any fc £ N. Since C/ — C/ is compact, there exists an increasing subsequence ki,k2, ■ ■ ■ , km, ... of N 
such that w^j. converges to some element 70 £ ?7 — ?7 when m goes to infinity. By replacing it by a 
subsequence of {km] if necessary, we may assume that the number of i appearing in fXk^ £ W„ does not 
decrease for z = 1, 2, . . . ,n. Since |/Xfe„ | — > 00 when m — > 00, there exists zq £ {1, 2, . . . ,n} such that the 
number of appearing in /x^^ diverges to infinity when m ^ 00. By replacing it by a subsequence of 
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{km} if necessary, we may assume that the number of io appearing in /i^^ increases strictly. Thus, we 
have uj^^^^ - '^f^k,„-i ^ '^'o ^ i^t^ \ H eWn} for any m G N. By 



we have —uji„ £ {u/f^ \ /i e Wn}- This is a contradiction. I 

We fix a positive integer K satisfying the condition in Lemma 3.3. Before going further, we remark 
that 5^/5* and S^gS^ commute for any G Wn and any f,g G Do{T). This fact will be used 
without further notice. For A; G N, define a *-endomorphism pk of A\ by pk{x) — X^^gvyC"' Sfj_xS*. Set a 
projection q in Ax by 

K 



1^ (j[{^-pkip))^P- 



Note that q < p and g < 1 — Pk{p) for fc = 1, 2, . . . , if. 

Lemma 3.4 For any 11,1^ (z VV„ to^/i ^ ^ v, two projections S^^qS* and S^qS* are orthogonal to each 
other. 

Proof. It suffices to show that qS^q = for any fi e Wn with /i 7^ 0. When I < \p\ < K, since 

(1 - b)) = - 'S';.p)p = 0, 

we have qSf^q = 0. When \p\ > K, pS^p = by Lemma so qS^q I 
Denote a set {p e >V„ | \p,\ < K} by >V. 

Lemma 3.5 We have X^^gw ^t^l^^iP — P- 
Proof. For 1 = 1,2,... ,K, we have 

Since (1 — Pk{p))p = P for k > K by Lemma 3.3, we have 



Pi 



iq)p = n (-^ " Pf"^")) ) Piip)p- 

\k=l+l J 



Hence 

K K / K \ 

/isw /=o ^gw^') i=o \fc=;+i / 

I 

Let us define a projection po by po = 1 — p = 1 — X^/^i-P' where pi,P2, ■ ■ ■ ,Pl are the minimal 
projections of Note that po,Pi, ■ ■ • iPl is a set of mutually orthogonal projections whose sum is 1. 
Let J' be a set of all maps from the set W = {p £ W„ | \p\ < K} to the set {0, 1,2,... , L}. For r e J', 
we define a projection q-r G Ax by 

= g n ^*^^PrMS^^■ 
pew 

Set JJ = {r G J' I qr + 0}. 

Lemma 3.6 (i) {qtItsJ *s « set of mutually orthogonal non-zero projections. 
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(ii) Erej9r = g. 

(iii) For fi G W, t G JJ and Z G {1, 2, . . . , L}, we have S^qrS*^pi — 5r{p.),iS^qTS'^. 
Proof. 

(i) If Ti ^ T2, then Ti(/i) ^ T2{^) for some /i G W. Now qTiqT2 ~ follows from 
since < SlPr^(^)S^ and ij^^ < S'^Pr2(t^)Sf,. 

(ii) ErGJ 9r = ErGJ' 1r ^ 1 Uf^eW S*^iPO + Pi + ' ' ' + Pl)S^, = q. 

(iii) It follows from the fact that 

StiiS*^Pr{ti)Sf,)S*^Pl = Sf,S*^Pr(^,)PlSf,S*^ = ^r(t,),lSf,{S*^Pr(t,)Sf,)S"^. 

I 



Proposition 3.7 We have Ax = 0^gjjK. Hence, Ax is an AF-algebra. 



Proof. For any ti,T2 G J and /i, j/ G W„ with /i ^ i^, we have {Si^i,qT-^S*){SyqT2S*) = by Lemma 3.4 . 
Thus, for Ti,T2 G J and p,i,p,2, 1^1,1^2 G W„, we get 

(•S^l (Zri ^j^j ) iSp,2 97-2 'S'i/2 ) — ^1^1 ,P2 "^Pl 9ti 9t2 'S'^j 

= (^i^i ,P2 ^Tl ,T2 '^'mi 9ti *S'j^2 ■ 

For any r G J, the set {5^gr'5'j^}^,i/ew„ satisfies the relation of matrix units, so the C*-algebra generated 
by {Sfj,qTS*}fj,^,y£w^ is isomorphic to K. For any two elements ri,r2 in J, the C*-algebra generated 
by {'S'^'?Ti'S'j^}/j,i/GW„ is orthogonal to the C*-algebra generated by {'S'^'Zr2'S'i^}/j,;>GW„ ■ Therefore, the 
C*-algebra generated by {S^j^qrS* \ & >V„, r G J} is isomorphic to 0^gjK. 

Since qr G Ax for any r G J, the C*-algebra generated by {Sf^qrS* \ p,,!/ e >V„, r G J} is contained 
in Ax. Conversely, for Z = 1, 2, . . . , L, 

Pi = PPi 

= ^ Sf^qS*ppi (by Lemma 

mgw 




(by Lemma 3.6 (ii)) 



(by Lemma 3.6 (iii)). 



Thus, for any /i, G Wn and Z = 1, 2, . . . , L, the element Sf^piS* is contained in the C*-algebra generated 
by {Sfj,qrS* \ ^,1^ £ Wn, t £ J}. Therefore A^ coincides with the C*-algebra generated by {S^qrS* 
& W„, T G J} which was proved to be isomorphic to ®^gjK. I 

Now we can prove the main theorem. 



Theorem 3.8 If uj satisfies —uji ^ {oj^ | /i G W„} for any i G {1,2,... ,n}, then the crossed product 
On>ia^G is AF-embeddable. 
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Proof. The C*-algebra A is an AF-algebra because it is an inductive limit of AF-algebras. Since the 
crossed product C'„Xqi^G' is naturally embedded into A, it is AF-embeddable. I 

Proposition 3.9 When G is compact, the following are equivalent: 



(i) -uji ^ {cj^ I ^ e W„} for any i G {1, 2, . . . , n}. 

(ii) The crossed product On'>^a^G is stably finite. 

(iii) The crossed product On>^a'-'G is AF-embeddable. 

(iv) The crossed product On^^a^G itself is an AF-algebra. 

Proof. (i)=^>(iv): Note that F is discrete when G is compact. We can take {{7}} gp for an open base 

{Ui}iei- Then the C*-algebra A which was proved to be an AF-algebra is On Xqi^G itself. Thus, 0„x1q,^G 
is an AF-algebra. 

(iv)^(iii)^(ii): Obvious. 

(ii)=>(i): If there exists i £ {1,2, .. . ,ri} such that — cjj G {w^ | /i G Wn}, then there exists /i' G yV„ 
with —uji = (jj^i. Hence /i = j/i' G W„ satisfies > 1 and = 0. Set u — S^x G On^a^G where 
X G C'o(r) is the characteristic function of {0}. We have u*u = x and uu* = S^^x^^- We get x -S'^X'S'^ 
from > 1, and xi^fj-X^ll) — •S'/^xS'* from cj^ = 0. Therefore x is an infinite projection. Thus OhXIqi^G 
is not stably finite. I 



Remark 3.10 When G = M, Theorem 3.8 implies that C)„Xqc^R is AF-embeddable if all the w^'s have 
the same sign. If there exist i,j such that LUi < < luj, then 0„Xau]R has infinite projections hence 
it is not AF-embeddable. We do not know whether OnXa^^M is AF-embeddable or not if there exists 
«G{l,2,...,n} such that iVi — and all the other w^'s have the same sign, though it is not hard to see 
that it is stably finite. 



4 Pure infiniteness of On>^a'^G 

In this section, we investigate for which oj G F" the crossed product On y^a^G becomes simple and purely 
infinite. Recall that a simple G*-algebra is called purely infinite if any non-zero hereditary subalgebra 
has an infinite projection. An element a; of a G*-algebra is called a scaling element if {x* x){xx*) — xx* 
and x*x ^ xx* . In |BC|, B. E. Blackadar and J. Cuntz showed that if a simple stable G*-algebra has a 
scaling element, then it has an infinite projection. One can omit the assumption of stability (Proposition 
4.2). To do so, we need the following standard lemma. 



Lemma 4.1 Let A be a C* -algebra, p a projection of A, and a a positive element of A. If there exist 
xi,X2 . ■ . , xk and yi,y2, . . . ,yK in A with 



K 



P -^Xkayk 



k=l 



< 



1 



then there exist zi , Z2 . . . , Z2k in A such that 



2K 

k=l 



In particular, if A is simple G* -algebra, p is a projection of A, and a is a non-zero positive element 
of A, then there exist xi,X2 ■ ■ ■ , xk in A such that p = X^fcLi x*f^axk. 

Proof. Sec |d[ Lemma V.5.4], for example. I 
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Proposition 4.2 If a C* -algebra A is simple and has a scaling element, then it has an infinite projection. 



Proof. If A has a scaling element, then A has mutually orthogonal , mu tually equivalent, non-zero projec- 
tions {pfc}^]^ and a positive element a with apk — Pk for any k [BC, Theorem 3.1]. Since A is simple, 
there exist xi,X2 ■ . ■ , xk and yi, ?/2, ■ • ■ ^Vk in A with 



K 



^ XkPiVk 



k=l 



< 



1 



Let us set p ~ Y^t^i^ Pk, which is a projection. Then we have 



K 



p-^XkPiivkP) 



fe=i 



K 

^ XkPiyk)p 

k=l 



< 



since ap = p. Hence there exist zi, Z2, . . . , Z2k in A such that p — X]fc=i ^kP^^k by Lemma 4.L For 
k — 1,2, ... , 2K, let Uk be a partial isometry with u^Uk — pi, UkU^. — pk. Set z — Yl'k^i UkZk- Then we 
have z*z — J2k=i ^kP^^k — P- Since zz*{J2'k^i Pk) — zz* , we have zz* < X^t^i Pk < P- Therefore p is an 
infinite projection. I 

A. Kishimoto and A. Kumjian proved that 0„x:q,o^IR is simple and purely infinite if and only if the 
closed semigroup generated by lji ,uj2, ■ ■ ■ is M in KK2 |. We will generahze their result for our setting 
by using the same technique as in | KK2 1 . Namely, we will prove that On xi G is simple and purely infinite 
if and only if the closed semigroup generated by tJi, 1^2, • ■ • , w„ is F. When uj satisfies F ^ {w^ | fi £ Wn}, 
the crossed product OnX^a-'G is simple by |Ki, Theorem 4.4] (see also [Ka, Theorem 4.8]). First we will 
show that On^a'^G has a scaling element and hence an infinite projection. 



Lemma 4.3 Suppose that lu satisfies F = {tj^ ] fi G Wn}. For any neighborhood U 0/ G F and any 
positive integer K , there exist K elements fii, ^2, - ■ ■ , l^K of Wn such that oja^ G U for k = 1,2,... ,K 



and S*^Si^i = Sk^i- 



Proof. We can find K elements ^1,1/2, ■ ■ ■ ,i^k of Wn such that S** S, 



exists e Wn with uji, 
IJ-k = Vkv'f, for fc = 1, 2, . 



e U 



because U 



, K. Then 5*^5^, = 4,; and tj^^. = cj; 



5k^i. For k ~ 1,2,... ,K, there 
i/j. is open and {lo^ \ fi e Wn} is dense in F. Set 
Lu^, eU for k = 1,2,... ,K. I 



Lemma 4.4 Suppose that oj satisfies F = {cj^ ] /i G Wn}. Let X be a compact neighborhood of (z T 



that differs from F. Then, there exist positive functions /i, /2, ■ 
satisfying the following conditions: 

(i) S*,Sf,, = SkA- 

(ii) T,k=i fkil) = I for any-f e X. 

(iii) EaLi /fe(7o) 7^ 0, 1 for some 70 G F. 

(iv) The support of c^oj^ fk is contained in X for k — 1,2, . . 



, fK e C'o(F) and ^1, ^2, ■ • ■ , IJ^K & W„ 



.K. 



Proof. Let us choose an open neighborhood J7i of such that the open neighborhood C/ = t/i -I- ?7i of is 
contained in X, and then choose an open neighborhood U2 of such that U2 C Ui. For any 7 G F, there 
exists /X G Wn with ujfj, £ U2 + J because {w^ ] fi G Wn} is dense in F. Therefore U^ew„(^2 — w^) — L. 
Since X is compact, there exist finite elements 1/1,1/2,... , vk of Wn such that 



K 



X^\JiU2 



k=l 
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By Lemma 4.3, there exist K elements z/^, ■ ■ • £ Wn such that S*, Si,'^ — 5k j and uj^'^ £ [/i for 
fc = 1, 2, . . . , Set Aifc i^'ki^k for fc = 1, 2, . . . , X. Then S*^^Sf,, = 4,;- For fc = 1, 2, . . . , we get 



since C/2 C C/i and uji,i G L/i. For fc = 1. 2, . . . , iC, let gk G C'o(r) be a function with < gk < 1 such that 



9k{l) — 1 for 7 G C/2 ~ 'j-'i^fc and gk{l) — for 7 ^ U — lu^^. Let us choose a continuous positive function F 
on r satisfying ^(7) = for 7 G X and ^(7) = 1 for 7 ^ UaLi(^2 — i^Uk)- Then the continuous function 
G — F + ^k=i 9k F satisfies G(7) > 1 for any 7 G F since F, gi, 52, ■ • • , gK are positive functions, and 
^^(7) = 1 for 7 ^ Uf=i(t^2 - t^.J, and 3^(7) = 1 for 7 G (72 - a;.,. Set A = .g^/G for fc = 1, 2, . . . , if . 
Then for fc = 1, 2, . . . , if, the positive function fk G Go(F) satisfies fk{'^) = for any 7 ^ ?7 — cj^j,. For 
7 G X, we have 

. . X gk{i) 



'Jkii) 
fc=i 



^ EfcLi.9fc(7) 

Fh) + Ek=i9kil) 
= 1. 

Since X C lJ^^(C/2 — w^^^), there exists 70 ^ X that is an element of U2 — uj^^^ for some ko G 
{1,2,... , K}. Since C/2 — Wi^^,^ is open and X is closed, we can choose an open set O such that 70 G 
O C C/2 — ojjy^^ and O f) X — (I). Let us take a positive function / such that 7(7) = for any 7^0 

and /{70) + Y.k=ifkilo) is neither nor 1. Then /^^ = f^^ + f stiU satisfies that /^„(7) for 
any 7 ^ C/ — w^^. . We denote this new function /^^ by fk„- Then if functions /i, /2, . . . , satisfy 

Ef=i /fe(7) = 1 for 7 G X and J2k=i fkilo) 7^ 0, 1. For fc = 1, 2, . . . , K, since cr_^^,^ /fc(7) = for any 
7 ^ C/ C X, the support of o--w,.^ /fe is contained in X. We get desired elements /i, /2, . . . , G Go(F) 

and Afi,/i2, • ■ • , M/f ^ W„. I 



Proposition 4.5 If to satisfies that T = {w^ | fi G yV„}, then On^a^G has a scaling element. 

Proof. Let X be a compact neighborhood of G F that differs from F. Let us take positive functions 



/ii /2, • ■ ■ , /a' G Go(F) and /ii, /i2, . . • , /^a G yV„ that satisfy the four conditions in Lemma 4.4. Let us 
define x = EfeLi '5'^^/^^ ^ OnXa^G. Since S^^S^^ = (5fej, 



A' A 

X X = 

k,l=l k=l 



On the other hand, 



K K 

XX 

k,l = l k.l=l 



Since the support of cf-u^^^, fl^^ is contained in X for any A; = 1, 2, . . . ,K and EfcLi fkil) — 1 for 7 G -'^i 
we have {x*x){xx*) — xx* . 

Finally we show x*x ^ xx* . If x*x — xx* , then x*x would become a projection. However, x*x = 
EfeLi /fe ^'-'^ ^ projection, since there exists 70 G F with EfeLi/'=(7o) 0,1. Thus a; is a scaling 
element. I 
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Since 0„Xci^G is simple, it has an infinite projection by Proposition 4.2 and Proposition 4.£. To 
prove that every non-zero hereditary subalgebra of 0„Xq,i^G has an infinite projection, we need the 
following lemma. In the proof of it, we use some computations done in [Kq] which is not difficult to 
see. Let (3 : T r\ On'>^a"G be the gauge action defined by (3t{S^fS*) = W^^^^^S^fS*, and E be the 
faithful conditional expectation of On^a'-'G defined by E(x) — ^jj3t{x)dt where dt is the normalized 
Haar measure of T. 



a 



Lemma 4.6 Let y he a non-zero positive element of On^a'^G, given as y = ^tiifi^tr G be 

positive number with l/\\E{y)\\ < G^ . Then, there exist a S 0„Xai^G with \\a\\ < G and an open set O 
ofT such that a*ya becomes an element of Go{T) which is 1 on O. 

Proof. Set k — max{|/Lt;|, \ I — 1,2, . . . , L} and 

= span{5,J5: \^i,ly€Wi''\ f e Go{T)}. 

The C*-algebra Tk is isomorphic to Co(r,M„fc) and we will identify them. We can see that E{y) = 
j:M=\u,\St.JiS;^ and Ely) G Tk- Set u = E^^w^ S^S'[S2S; & On C M{On>^o,-G). Routine com- 
putation shows that u is an isometry and u*yu ~ a~f{E{y)) where 7 = kuji + 0^2- Hence u*yu is a 
positive element of Tk whose norm is equal to ||i?(y)||. One can find 70 G P such that the norm of 
(u*?/w)(7o) G M„fc is ||£;(y)||. The C*-subalgebra span{5'^5'* \ ^l,v € wll:^} of 0„ G M(0„Xc,-G) is 
isomorphic to M„fc and can be considered as the set of constant functions of Gb(r,M„fc) = M{!Fk)- 
Take an element /i in W'it'^ arbitrarily. Then 5*^5; G A/(0„x„..G) is a minimal projection of M„fc. 
Since u*yu is positive, (u*yu){"fo) is a positive element of M„fc. Hence, there exists a partial isometry 
V G span{5'^S'* \ fJ.,^ € wi''^} such that v*v = Sfj,S* and 

{v*u*yuv){^o) = \\E{y)\\S,S;. 

There exists a function / G Go(r) with v*u*yuv — Sfj,fS*, because the projection is minimal. Since 
/(70) = 11^(2/) II: there exists a positive function g G Go(P) with \\g\\ < G such that fg^ G Go(P) is 1 on 
some open neighborhood O of 70. If we set a — uvS^g G OnX^'^G, then, we get l|al| < G and a*ya — gfg 
becomes an element of Go(P) which is 1 on O. I 



Theorem 4.7 If uj satisfies that P = {oj^ | /i G W„}, then OnX^i^G is simple and purely infinite. 

Proof. To prove that On^'a'-'G is purely infinite, it suffices to show that there exists an infinite projection 
in the hereditary subalgebra x{On^a'^ G)x generated by x for any non-zero positive element x G On >^ G. 
Take a non-zero positive element x G OnX^i^G and a sufficiently small positive number e > 0. There 
exists a positive element y with ||a; ^ y\\ < e that is a linear combination of elements of the form S^fS*. 
Since ||i?(a;) — E{y)\\ < \\x — y\\ < e, there exists a real number G with 1/||_E(?/)|| < G^ which depends 
only on x. By Lemma 4. 6| , there exist a G On^a^^G with ||a|| < G and an open set O of P such that a*ya 
becomes an element of Go(P) which is 1 on O. Take an open subset Oi of O and a neighborhood O2 of 
G P with Oi +O2 C O. Let hhe a non-zero positive function of Go(P) whose support is contained in Oi. 



The crossed product On^a'^G has an infinite projection p by Proposition 4.2 and Proposition 4.5. Since 
0rt G is simple and p is a projection, there exist xi, a;2, .. . ,xk £ On >^q'^G satisfying ^^-^ a;^ft,a;fe =p 



by Lemma 4T. By Lemma 13, we can choose fii, 112, ■ ■ ■ , I^k G VV,i such that S'*^S'^, = Sk,i and cj^^. G O2 
for fc = 1, 2, . . . , if. Set b = ^f^^ S^^^h^^^Xk. We have 



K K 

b*b= xlh^Sl^Sf,,h^xi^Yxlhxk=p. 

k,l = l k=l 



Since the support of o'-lj^^ (^'^^^) is contained in O for A; = 1, 2, . . . , K, and the function a*ya G Go(P) is 
1 on O, we have {a*ya)h — b. Therefore, we get b*a*yab — p. Thus q — {y^^'^ab){b*a*y^^'^) is an infinite 
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projection because it is equivalent to the infinite projection p. The hereditary subalgebra XQ,i^G)a; 
has a positive element c — x^/'^abb*a*x^^^ which is close to an infinite projection q. If we choose £ > so 
small that \\q — c\\ < 1/2, then we get a projection qq — x(c) in x{On>0a'^G)x by the functional calculus 
where x is a characteristic function of a certain neighborhood of 1. The projection go of x{On>^a'^G)x is 
infinite since it is close to an infinite projection q. Therefore, OnXQi^G is purely infinite. I 

Once noting that On^ia^G is simple if and only if the closed semigroup generated by wi, (jJ2, ■ • ■ , w„ 



and —uji is equal to F for any i = 1, 2, . . . , n (see [Ki, Theorem 4.4] or [ |Ka| , Theorem 4.8]), we have the 
following corollaries. 

Corollary 4.8 The crossed product On>ia"'G is either purely infinite or AF-embeddable when it is simple. 



Corollary 4.9 The crossed product OnXa^G is simple and purely infinite if and only ifV = {tj^ | fi G Wji}. 



Remark 4.10 When the group G is comp act, crossed products On x^i^G are graph algebras |KP|. From 
this fact, on e can easily prove Proposition 3^ and two corollaries above when the group G is compact 
(see [BPRS , for example). 



Remark 4.11 When the group G is discrete, crossed products On^^a^G are never AF-embeddable and 
Corollary 4.S implies that crossed products On y^a^G \s purely infinite if it is simple. This fact was already 
proved in [KK2, Lemma 10]. 



5 AF-embeddability of OooX'a^G' 

In this section, we deal with crossed products of the Cuntz algebra Ooo which is the universal G* -algebra 
generated by infinitely many isometries 81,82, ■■■ satisfying 8*8j = Sij. Let us denote by Woo the 
set of words whose letters are {1,2,...}, which is naturally identified with 1J^2 We can define an 
isometry S"^ £ Ooo for /i G Woo- As in the case of On, we define the action a'^ of abelian group G on 
Ooo by' 

a^{8,) = {t\Lj,)8, (z = l,2,... , teG) 

for oj — {uji,uj2, ■ ■ ■) G F°°. The crossed product OooXai-'G has the G*-algebra Clx^i^G which is 
isomorphic to Go(r). One can easily see that /S*,, = 8^a-^^f for any / G Go(r) C Ooo Xa'^G and any 
fi G Woo, and 

OooX„.G = span{5^/5: I M,j/G Woo, / G Go(r)}. 



Proposition 5.1 If uj G T°° satisfies —Ui ^ {tj^ | /i G Wn C Woo} for any i and any n G N, then the 
crossed product Ooo>^w'G is AF-embeddable. 

Proof. Fix an open base {J7i}igi such that for any i € 1, Ui is compact and for any i G I and ji G Woo, 
there exists j G I with Uj = Ui — w^. Let Dq{T) be the G*-algebra generated {xUi}i& in L°°{T) and 
define the G*-subalgebra A of B{H ® L'^{T)) by 

A = span{5^/5: | G Woo, / G Do{T)}. 

The crossed product OooXqi^G can be embedded into A. For a positive integer n and a finite set A C I, 
we denote by Ax^n the G*-subalgebra of A generated by 

{St^xu^Sl \^JL,v^Wn^ Woo, i e A}. 

One can easily see that A = lini Ax n. Take a positive integer n and a finite set A C I and fix them. Since 
—LOi ^ {ijjf^ I /i G Wn C Woo} for any i, there exists iiT G N such that pS'^p = for any fx G Wn C Woo 
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with > K by Lemma 3.3, where p is the characteristic function of IJieA ^i- Oi^ce fixing such an 
integer K , we can define the projection q G Ax^n in the same manner as in Section ^ and prove the same 



statement as in Lemma 3.4 and Lemma 3.5. Hence as in a similar way to Proposition 3.7, we can prove 



that A\^n is isomorphic to a direct product of finitely many K. Hence A is an AF-algebra. Since the 
crossed product OqoXq'^G can be embedded into A, it is AF-embeddable. I 



In the case of ©„, we have the dichotomy (Corollary 4.S 
dichotomy we have the following. 

Proposition 5.2 For u) G r°°, the following are equivalent: 



However in the case of Coo, instead of 



(i) r = K I /X e Woo}. 

(ii) Ooc'^a-'G is simple. 

(iii) Coo x G is simple and purely infinite. 



Proof. The equivalence between (i) and (ii) was proved in |Ki|. Obviously (iii) implies (ii). One can prove 
the implication (i) (iii) in a similar way to arguments in Secti on |4| , though we need more complicated 
computations to prove the proposition corresponding to Lemma |4.6| . I 



References 

[BPRS] Bates, T.; Pask, D.; Raeburn, L; Szymahski, W. The C* -algebras of row- finite graphs. New York 
J. Math. 6 (2000), 307-324. 

[BC] Blackadar, B. E.; Cuntz, J. The structure of stable algebraically simple C* -algebras. Amer. J. 
Math. 104 (1982), no. 4, 813-822. 

[Bl] Brown, N. P. AF embeddability of crossed products of AF algebras by the integers. J. Funct. Anal. 
160 (1998), no. 1, 150-175. 

[B2] Brown, N. P. Crossed products of UHF algebras by some amenable groups. Hokkaido Math. J. 
29 (2000), no. 1, 201-211. 

[B3] Brown, N. P. On quasidiagonal C* -algebras. Preprint. 

[D] Davidson, K. R. C* -algebras by example. Fields Institute Monographs, 6. American Mathemat- 
ical Society, Providence, RI, 1996. 

[E] Evans, D. E. On 0„. Publ. Res. Inst. Math. Sci. 16 (1980), no. 3, 915-927. 

[Ka] Katsura, T. The ideal structures of crossed products of Cuntz algebras by quasi-free actions of 
abelian groups. Preprint. 

[Ki] Kishimoto, A. Simple crossed products of C* -algebras by locally compact abelian groups. Yoko- 
hama Math. J. 28 (1980), no. 1-2, 69-85. 

[KKl] Kishimoto, A.; Kumjian, A. Simple stably projectionless C* -algebras arising as crossed products. 
Canad. J. Math. 48 (1996), no. 5, 980-996. 

[KK2] Kishimoto, A.; Kumjian, A. Crossed products of Cuntz algebras by quasi-free automorphisms. 
Operator algebras and their applications, 173-192, Fields Inst. Commun., 13, Amer. Math. 
Soc, Providence, RI, 1997. 

[KP] Kumjian, A.; Pask, D. C* -algebras of directed graphs and group actions. Ergodic Theory Dynam. 
Systems 19 (1999), no. 6, 1503-1519. 



11 



Green, P. The structure of imprimitivity algebras. J. Funct. Anal. 36 (1980), no. 1, 88-104. 

Pimsner, M. V. Embedding some transformation group C* -algebras into AF-algebras. Ergodic 
Theory Dynam. Systems 3 (1983), no. 4, 613-626. 

Pimsner, M. V. Embedding covariance algebras of flows into AF-algebras. Ergodic Theory Dy- 
nam. Systems 19 (1999), no. 3, 723-740. 

Pimsner. M.; Voiculcscu, D. Imhedding the irrational rotation C* -algebra into an AF-algebra. J. 
Operator Theory 4 (1980), no. 2, 201-210. 

Putnam, I. F. The C* -algebras associated with minimal homeomorphisms of the Cantor set. 
Pacific J. Math. 136 (1989), no. 2, 329-353. 

R0rdam, M. A simple C* -algebra with a finite and an infinite projection. Preprint. 

Voiculescu, D. Almost inductive limit automorphisms and embeddings into AF-algebras. Ergodic 
Theory Dynam. Systems 6 (1986), no. 3, 475-484. 



12 



